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Abstract – The problem of construction of a quantum master equation for a system of sites
weakly coupled to each other and to one or more reservoirs (open quantum network) is considered.
Microscopic derivation of a quantummaster equation requires a diagonalization of the Hamiltonian
of the network, which can be a difficult task. When the inter-site couplings are weak, the local
approach, which neglects the influence of the inter-site couplings on the system-reservoir couplings,
is often used. Recently, some doubts were cast to the consistency of the local approach. We develop
a systematic perturbation expansion to derive corrections to the local approach and establish its
range of validity. Using this extension of the local approach, we derive an expression for the heat
flux for a particular model and show that it does not violate the second law of thermodynamics.
Introduction. – Quantum master equation frame-
work is commonly used in the description of charge and
energy transfer in quantum networks [1]. Quantum master
equation can be microscopically derived, but this requires
a diagonalization of the Hamiltonian of the network. This
can be a difficult task. Even if not, this master equation
can be complicated and, hence, difficult for analysis. This
approach is sometimes called global, because it considers
the network as a whole. When the inter-site couplings
in the network are weak, it seems reasonable to neglect
their influence on the system-reservoir couplings. This
approach is sometimes called local and is often used as a
simplification, since it does not require a diagonalization
of the full network Hamiltonian.
However, recently several authors [2–4] reported the dis-
crepancies between the local and global descriptions of
open quantum systems and, in particular, the violation of
the second law of thermodynamics by the local approach
[2].
We show that the viewpoint of perturbation theory al-
lows to justify this approach, establish its range of validity
and derive corrections to it. The small parameter is the
inter-site coupling constant. In this formalism, we derive
an expression for the heat flux for the model analysed in
[2] and show that it does not violate the second law of
thermodynamics.
Global and local quantum master equations. –
Consider a large system consisting of a relevant system
(“system”) and a reservoir. The Hamiltonian has the form
H = HS +HR + λHI . (1)
Here HS and HR specify the free dynamics of the system
and the reservoir accordingly. The interaction is speci-
fied by the term HI =
∑
αAα ⊗ Bα, where Aα act on
the system, Bα act on the reservoir, and λ is a small di-
mensionless parameter. The application of weak coupling
limit with respect to λ leads to the following master equa-
tion for the reduced density matrix ρ = ρ(t) of the system
[5–7]:
dρ
dt
= −i[HS + λ
2HLS, ρ] + λ
2D(ρ), (2)
where
D(ρ) =
∑
ω
∑
α,α′
γαα′(ω)(Aα′(ω)ρAα(ω)
†
−
1
2
{Aα(ω)
†Aα′(ω), ρ})
(3)
is a dissipator and
HLS =
∑
ω
∑
α,α′
Sαα′(ω)Aα(ω)
†Aα′(ω) (4)
is a Lamb shift Hamiltonian (commutes with HS). Here
ω are Bohr frequencies, i.e. differences between eigenen-
ergies of HS . The summation is performed over all such
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differences (positive and negative). Here [·, ·] and {·, ·} de-
note a commutator and an anti-commutator correspond-
ingly. Further, for an arbitrary operator T ,
T (ω) =
∑
ε′−ε=ω
P (ε)TP (ε′), (5)
where ε and ε′ are eigenenergies of HS (the summation
is performed over all such pairs with the difference ω),
P (ε) and P (ε′) are projectors onto the corresponding
eigenspaces. Finally, γαα′(ω) and Sαα′(ω) are correlation
functions of the reservoir (defined by the operators Bα
and the steady state of the reservoir); we will not need
their exact expressions. If the reservoir is in a thermal
state with the inverse temperature β, the following rela-
tion takes place:
γαα′(−ω) = exp(−βω)γα′α(ω). (6)
Note that the stochastic limit technique [5] allows to de-
rive not only a master equation for the reduced dynamics
of the relevant system, but a stochastic unitary dynamics
of the large system (the relevant system and the reservoir
together).
So, a master equation can be microscopically derived,
but this requires a diagonalization of the system Hamilto-
nian. This approach (and the master equation itself) are
sometimes called global, because it considers the system
as a whole.
But the diagonalization of the system Hamiltonian can
be a difficult task. Even if not, the master equation can be
complicated and, hence, difficult for analysis. To simplify
the task, suppose that the system Hamiltonian has the
form
HS = H0 + νV, (7)
where the diagonalization of H0 is easy, and a dimension-
less constant ν is small. A particular case which we are
interested in is a network of sites weakly coupled to each
other and to a reservoir. In this case, H0 =
∑
j Hj is a
sum of free Hamiltonians of each site and V specifies their
couplings; the diagonalization of H0 is often trivial.
Of course, this situation is studied in the well-known
framework of perturbation theory [8]. Suppose that we
know eigenvalues {ε
(0)
n } and the corresponding eigenstates
{|e
(0)
n 〉} of H0. The eigenvalues and eigenstates of H can
be represented by the series
εn = ε
(0)
n + νε
(1)
n + ν
2ε(2)n + . . . , (8)
|en〉 = |e
(0)
n 〉+ ν |e
(1)
n 〉+ ν
2 |e(2)n 〉+ . . . , (9)
where the terms can be found explicitly. Suppose that
the perturbation νV does not change the multiplicities of
the zeroth-order eigenenergies (the situation when this is
not the case will be discussed later). Then, as a zeroth-
order approximation we can just put εn = ε
(0)
n +O(ν) and
|en〉 = |e
(0)
n 〉 + O(ν). Accordingly, equations (2)–(4) are
changed to
dρ
dt
= −i[H0+νV +λ
2H
(0)
LS , ρ]+λ
2D(0)(ρ)+O(λ2ν), (10)
D(0)(ρ) =
∑
w
∑
α,α′
γαα′(w)(A
(0)
α′ (w)ρA
(0)
α (w)
†
−
1
2
{A(0)α (w)
†A
(0)
α′ (w), ρ}),
H
(0)
LS =
∑
w
∑
α,α′
Sαα′(w)A
(0)
α (w)
†A
(0)
α′ (w),
where w ≡ ω(0) are differences between zeroth-order
eigenenergies ε(0) ≡ E, and
T (0)(w) =
∑
E′−E=w
P (0)(E)TP (0)(E′)
for an arbitrary operator T . Here P (0)(E) are projectors
onto the zeroth-order eigenspaces.
This is exactly what is called the local approach to open
quantum dynamics: the inter-site couplings does not affect
the system-reservoir couplings.
We see that the local approach can be justified on the
base of the global one in case when the inter-site couplings
are weak. Also note that both λ and ν are small parame-
ters. By this reason, terms of orders ν and λ2 are included
in (10), but terms of order O(λ2ν) are not since this is a
higher order of smallness.
We assert that all discrepancies between the global and
local approaches reported by various authors fall into
at least one of two situations: either the inter-site cou-
plings are not small or the analysed quantities are of or-
der O(λ2ν), which is beyond the local approach’s range of
validity.
Let us give an example of the second situation. In [2],
the authors consider a simple network with two sites each
of which is coupled to its own reservoir in a thermal state
with different temperatures (see the next section), derive
the expression for the steady-state heat flux based on the
local approach, and show that, for some values of param-
eters, there is a heat flux from the cold reservoir into the
hot one, which violates the second law of thermodynamics.
But the steady-state heat flux found in [2] is proportional
to λ2ν2 (in our notations). Since the local equation (10) is
written only up to terms of order λ2, the heat flux should
be set to zero in this order of smallness, and, hence, there
is no violation of the second law of thermodynamics!
If we want to derive a nontrivial expression for the
steady-state heat flux of order λ2ν2 on the base of the
local description, we should take the right-hand side of
equation (2) with the eigenenergies and their eigenstates
expanded up to the second order in (8)–(9). We are going
to do this in the next section.
Based on their analysis, the authors of [2] conclude that
“the local approach is only valid for local observables such
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as the population of each node [site], and is not valid for
non-local observables describing energy fluxes”. Here we
want to precise this statement: local approach is valid
for observables of order λ2, but not of order O(λ2ν). Of
course, in the model considered in [2], where all non-local
observables vanishes whenever ν = 0, this is equivalent to
the cited statement.
Other words, phenomenological consideration of the lo-
cal approach does not give its range of validity and leads
to discrepancies with the microscopically justified global
approach and to violation of the second law of thermody-
namics. In contrast, the viewpoint of perturbation theory
naturally gives the range of validity of this approach and
offers a way of obtaining corrections to it.
An interesting question concerns the relation between
the small parameters λ and ν (e.g., whether λ ≪ ν ≪ 1
or ν ≪ λ≪ 1, etc.). In principle, any relation is possible.
But we should take into account that the corrections to
the master equation (2) proportional to higher orders of λ,
in principle, can be derived. First steps in this direction
have been done in [9] in the framework of stochastic limit
mentioned above. If we drop the term of order O(λ3), the
expansion of the eigenenergies and eigenstates in (8)–(9)
up to the nth order makes sense only if νn ≪ λ.
Physically, ν can be interpreted as the ratio of a charac-
teristic shift of energy levels to the characteristic difference
between the non-perturbed levels. Also λ2 can be inter-
preted as a ratio of the time scale of relaxation of the
reservoir to the time scale of evolution of the state of the
system.
Let us also mention that a perturbative treatment of
inter-site couplings in the local description was also con-
sidered in [10]. But this was done in a different way, which
in some cases (e.g. degenerate eigenenergies or degenerate
Bohr frequencies, i.e. if there are different pairs of energies
with the same difference) produces indefinitely increasing
(with time) terms.
For recent considerations of the degenerate case, see
[11].
Two-site model. – Consider a model of two sites A
and B each of which is coupled to its own reservoir in a
thermal state with different temperatures Th and Tc, ac-
cordingly (Th > Tc). The corresponding inverse temper-
atures are βh and βc. The sites are either two two-level
systems or two harmonic oscillators. The Hamiltonian is
H = H0 + νV +Hh +Hc + λHAh + λHBc,
where H0 = EAa
†a + EBb
†b is a free Hamiltonian of
two uncoupled sites, V = a†b + ab† is their coupling,
Hh and Hc are free Hamiltonians of the reservoirs, and
HAh = (a + a
†) ⊗ Rh and HBc = (b + b
†) ⊗ Rc spec-
ify site-reservoir interactions. Here a (a†) and b (b†) are
annihilation (creation) operators for the sites A and B
correspondingly. They satisfy the relations
aa† + δa†a = 1, aa+ δaa = 0,
bb† + δb†b = 1, bb+ δbb = 0,
where δ = 1 for two-level systems and δ = −1 for harmonic
oscillators.
Our goal is to obtain a nontrivial expression for the
steady-state heat flux from the hot reservoir based on
the second-order perturbations in (8)–(9) and to ascer-
tain that it is positive, i.e. does not violate the second law
of thermodynamics.
If the sites are harmonic oscillators, there is no need for
perturbation theory, because the Bogoliubov transforma-
tion [12] maps the system Hamiltonian HS = H0 + νV
into a sum of two uncoupled oscillators (though each of
them is coupled not to a single, but to both reservoirs).
This considerably simplifies the task, and it is not so hard
to derive and analyse the global master equation, which
has been done in [2]. The case of two-level systems is more
intricate for the global approach, and our “perturbed local
approach” can be useful. So, we restrict our analysis to
this case (δ = 1).
We suppose that EA > EB. As shown in [2], this is a
necessary condition for the violation of the second law of
thermodynamics if we use the local approach. Also, the
opposite case EA < EB can be trivially mapped into this
one, because, actually, we will use that βc > βh only at
the last moment; the case EA = EB is less difficult and
was analysed in [3] in the global approach. Moreover, for
simplicity let EA − EB = 1; the case of an arbitrary dif-
ference EA−EB can be reduced to this one by a rescaling
of the parameters of the system Hamiltonian.
In the considered case, the eigenvalues and eigenvectors
of the system Hamiltonian up to the second-order in ν
terms are:
ε00 = 0, |e00〉 = |00〉 , ε11 = EA + EB , |e11〉 = |11〉 ,
ε01 = EB − ν
2, |e01〉 =
(
1−
ν2
2
)
|01〉 − ν |10〉 ,
ε10 = EA + ν
2, |e10〉 = ν |01〉+
(
1−
ν2
2
)
|10〉 .
Here |00〉 , |01〉 , |10〉, and |11〉 denote the both sites in the
ground states, only site B in the excited state, only site A
in the excited state, and both sites in the excited states,
correspondingly.
If we substitute these expressions to (2)–(3), we will
obtain the master equation
dρ
dt
= −i[H0 + νV, ρ] + λ
2Dh(ρ) + λ
2Dc(ρ), (11)
where
Ds(ρ) =
∑
j=A,B
γjs
(
FjsρF
†
js −
1
2
{F †jsFjs, ρ}
+exp(−βsωj)
(
F †jsρFjs −
1
2
{FjsF
†
js, ρ}
))
,
(12)
s = h, c. For shortness, we have adopted the notations
γjs = γs(ωj) (where γs is a correlation function of the
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corresponding reservoir), Fjs = Fs(ωj), where Fh = a+a
†,
Fc = b+ b
†,
ωA = ε11 − ε01 = ε10 − ε00 = EA + ν
2,
ωB = ε11 − ε10 = ε01 − ε00 = EB − ν
2.
It turns out that
FAh = (1− ν
2)a− ν(a†a− aa†)b,
FBh = ν
2a+ ν(a†a− aa†)b,
FAc = ν
2b− νa(b†b− bb†),
FBc = (1− ν
2)b + νa(b†b− bb†).
Also relation (6) has been used in (12). Finally, we
have neglected the Lamb shift Hamiltonian: it leads to
modifications of the parameters of the system Hamiltonian
(EA, EB and the coefficient before V ); this does not play
a crucial role in our problem. Though, in other problems
it can play a significant role [13].
The heat flux from the hot reservoir is given by the
formula
Jh = Tr[Dh(ρ∗)(H0 + νV )], (13)
where ρ∗ is a steady-state density operator. The substitu-
tion of (12) into (13) yields the expression
Jh = λ
2(J
(1)
h + J
(a)
h 〈a
†a〉+ J
(b)
h 〈b
†b〉+ J
(X)
h 〈X〉), (14)
where
J
(1)
h = γAhEA exp(−βhωA) + γBhEBν
2 exp(−βhωB)
− γAhEBν
2 exp(−βhωB)
J
(a)
h = γAh[1 + exp(−βhωA)][EA
(
1− ν2)− EBν
2
)
]
J
(b)
h = ν
2(γAhEA[1 + exp(−βhωA)]
+γBhEB[1 + exp(−βhωB)])
J
(X)
h = γAhνEA[1 + exp(−βhωA)],
X = a†b + ab† (in our case V = X), and 〈T 〉 stands for
Tr[ρ∗T ] for an arbitrary operator T .
The averages 〈a†a〉, 〈b†b〉, 〈X〉, and 〈Y 〉 = i〈a†b − ab†〉
satisfy the closed system of equations (follows from master
equation (11)–(12) rewritten in the Heisenberg represen-
tation)
d
dt
〈a†a〉 = −λ2M (aa)〈a†a〉+
λ2ν
2
M (aX)〈X〉
− ν〈Y 〉+ λ2c(a),
d
dt
〈b†b〉 = −λ2M (bb)〈b†b〉+
λ2ν
2
M (aX)〈X〉
+ ν〈Y 〉+ λ2c(b),
d
dt
〈X〉 = λ2νM (ax)〈a†a〉+ λ2νM (aX)〈b†b〉
−
λ2
2
M (XX)〈X〉+ 〈Y 〉+ 2λ2νc(X),
d
dt
〈Y 〉 = 2ν〈a†a〉 − 2ν〈b†b〉
− 〈X〉 −
λ2
2
M (XX)〈Y 〉,
(15)
where
M (aa) = γAh(1− 2ν
2)[1 + exp(−βhωA)]
+ γBcν
2[1 + exp(−βcωB)]
+ γAcν
2[1 + exp(−βcωA)],
M (bb) = γBc(1− 2ν
2)[1 + exp(−βcωB)]
+ γBhν
2[1 + exp(−βhωB)]
+ γAhν
2[1 + exp(−βhωA)],
M (XX) = γBhν
2[1 + exp(−βhωB)]
+ γAh(1− ν
2)[1 + exp(−βhωA)]
+ γAcν
2[1 + exp(−βcωA)]
+ γBc(1 − ν
2)[1 + exp(−βcωB)],
M (aX) = γBc[1 + exp(−βcωB)]− γAh[1 + exp(−βhωA)],
c(a) = γAh exp(−βhωA)(1 − 2ν
2) + γBcν
2 exp(−βcωB)
+ γAcν
2 exp(−βcωA),
c(b) = γBc exp(−βcωB)(1− 2ν
2) + γBhν
2 exp(−βhωB)
+ γAhν
2 exp(−βhωA),
c(X) = γAh exp(−βhωA)− γBc exp(−βcωB).
Note that if we drop the terms of orders λ2ν and λ2ν2 in
(11) and (15), we will obtain the corresponding equations
from [2].
All left-hand sides in (15) are zero since the averaging
is performed over a steady state. So, we obtain a system
of linear equations. The substitution of its solution into
(14) yields the final result
Jh = λ
2ν2
(
γAcEA
1− exp(−EA∆β)
1 + exp(EAβh)
+γBhEB
exp(EB∆β)− 1
exp(EBβc) + 1
)
+ o(λ2ν2),
(16)
∆β = βc − βh. Here we have dropped not only terms of
order O(λ2ν3), but also terms of order O(λ3), because the
master equation itself is derived up to order λ2. If we,
however, hold terms of order O(λ3), the expression will
be much more cumbersome, but this will not affect the
sign of Jh. Also, as we noticed at the end of the previous
section, we assume that ν2 ≪ λ (otherwise, the derivation
of terms of order λ2ν2 makes no sense without corrections
to the master equation of order λ3, which are greater in
this case).
In the case of an arbitrary difference ∆E = EA−EB >
0, the resulting formula (16) is still valid with ν substituted
by ν/∆E.
We see that, since ∆β > 0, the heat flux from the hot
reservoir is always positive in accordance with the second
law of thermodynamics.
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Remark. – We assumed that the perturbation νV in
(7) does not change the multiplicities of the eigenenergies.
The opposite case is more tricky. If there is a removal
of degeneracy, the distances between the new energy lev-
els are small (formally, they are infinitesimal as ν → 0)
and, hence, may be less than or comparable to the line
broadening caused by the interaction with the reservoir.
In this case, the quantum master equation approach or at
least the secular approximation used in the microscopic
derivation of the master equation is, generally speaking,
not valid [1,5,6]. So, equation (2), which we are based on,
may be inadequate in this case.
A possible solution is to go one step back from the
master equation in the Gorini–Kossakowski–Sudarshan–
Lindblad [14, 15] (GKSL) form (2) to the more general
Redfield equation [1, 6, 16] and not to apply the secular
approximation for pairs of Bohr frequencies with small
differences. The resulting master equation will be not of
the GKSL form, but it will reproduce the dynamics more
adequately (the adequacy of the secular approximation is
discussed in [13, 17]). It is interesting to mention that, in
[18], the local approach was introduced exactly to avoid
the secular approximation due to small energy differences,
but, nevertheless, to stay in the equation of the GKSL
form.
However, two extreme cases can be discriminated. If
the line broadening is much smaller than the distances
between the levels from this new multiplet (λ2 ≪ ν ≪ 1),
we can still use the quantum matrix equation in form (2),
i.e., with the full secular approximation. But if we restrict
ourselves to the zeroth-order expansion of eigenenergies
and eigenstates (8)–(9) in the master equation (local ap-
proach), we should ignore the degeneracy of zeroth-order
levels.
On the contrary, if the line broadening is much larger
than the width of this multiplet (difference between the
maximal and minimal levels of it), i.e. ν ≪ λ2 ≪ 1,
the removal of degeneracy should be ignored, and the full
secular approximation can be applied.
So, in both cases, we stay in an equation of the GKSL
form (2).
Conclusions. – The microscopically derived global
master equation for quantum dynamics in open networks
can be too difficult to construct and/or to analyse. The
local master equation simplifies this task, but its range
of validity can be too restrictive. Here we have proposed
an intermediate approach, which uses stationary pertur-
bation theory to obtain corrections to the local approach
up to a desirable order of the inter-site coupling constant.
This technique bridges the local and global approaches to
construction of quantum master equations.
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